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1 Differential equations 
and direct integration 


Exercise 1 


Which of the following differential equations 
are directly integrable? 


dy = 22 dy = 
(a) ae 3e (b) qe T COs + cos y 

du dv 

—— = = = — r2 
(c) a + ut (d) T v9-r 
Exercise 2 


In each case below, show that the given 
function satisfies the given differential 
equation. 

dy 4 


(a) y = $a? + 1; o 


d 
(b) y = sinf z; Y _ 2sin g cosg 
dx 


d 
(c) y = 5e? + z; Z = 3y-3r+1 
T 
Lye dy 
dyse*,; ae 


d 
(e) y= tang; slt? 


(Hint: use the identity 
tan? 0 + 1 = sec? 0.) 

dy _ wy 
dr xæ 


(£) y = xzlnz; 


Exercise 3 

(a) Find the general solution of the 
differential equation 

d 
E =x? — 3r +1. 

(b) Which of the following functions are 
particular solutions of this differential 
equation? 

(i) y=r3-r+r+1 


ii) y= $r- $2? +242 


Exercise 4 
(a) Find the general solution of the 
differential equation 


w = sin(2x) + cos(2x). 


(b) Which of the following functions are 
particular solutions of this differential 
equation? 

(i) y= —cos(2x) + 12sin(2z) 

(ii) y= —Fcos(2r) + $ sin(2r) + 7 
(iii) y = $ cos(2x) — $ sin(2x) — 1 
(iv) y = cos(2x) + sin(2x) + 2 


Exercise 5 


In each case below, find the general solution 
of the differential equation. 


du g 
(a) a e 

dy a 1 
(b) 7? z t3ve (x > 0) 
Exercise 6 


Solve each of the following initial value 

problems. 

(a) oe 2—3sin(4r), y= 1 when x =0 
dx i í 

A (t>0), w=3 whent=1 

dt Vi t 


d 
(c) T = 4m’, v =0 whenr=0 


(d) TE = cos (4), s=Owhent=7 


2 
d 
(e) Tet”, y =2 when t=0 


2 Separable differential equations 


Exercise 7 


At time t = 0 a ball is thrown vertically 
upwards with speed 20ms~!. In a model that 
incorporates the assumption that the ball is 
subject to air resistance proportional to its 
speed, the displacement s (in metres) of the 
ball above its initial location at time t (in 
seconds) is given by the differential equation 


a= 1182 — 98. 
dt 


(a) Find the general solution of this 
differential equation. 


(b) Use the initial condition s = 0 when t = 0 
to find the displacement of the ball in 
terms of the time t. 


(c) Show that ds/dt = 0 when t = 101n (52), 
and hence find the maximum height 
reached by the ball above its initial 


location, to the nearest centimetre. 


(Exercise 14 explains how the differential 
equation above is derived.) 


2 Separable differential 
equations 


Exercise 9 


Find the general solution, in explicit form, of 
each of the following differential equations. 


Exercise 8 


Identify which of the following differential 
equations are separable. For each equation 
that is separable, identify the corresponding 
functions f and g (where f and g are as 
mentioned in the definition of a separable 
differential equation on page 102 of the 
Handbook). 


(a) E re (b) L ET 


vo dy, 
(c) g VT tanr (d) a +y 


(e) É =vz-2yz 


(a) Č sutu (u > 0) 

dy = T T 
(b) dn T 3secy (-Z<v<7) 
Exercise 10 


(a) Show that 
cosy =x 


is a solution in implicit form of the 
differential equation 


dy 1 
ee J, OG 
T st (0<y<m) 
(Hint: use the identity 
sin? 6 + cos? 0 = 1.) 
(b) Express the solution from part (a) in 
explicit form, and hence show that 
d 4 1 
qz (008 ii) = ~~ An ge 


(-l<a2< 1). 


Exercise 11 


(a) Show that 
y +e” = 2r — e” +2 
is a solution in implicit form of the 
differential equation 
dy 2-—e” 
d£ l1+ey 
(b) What is the gradient of the corresponding 
solution curve at the point (0,0)? 


Exercise Booklet 8 


Exercise 12 


(a) Find, in implicit form, the general 
solution of the differential equation 


dy = 2 
ap OEY (y > 0). 
(b) Find the explicit form of this general 
solution. 


(c) Find the particular solution that satisfies 
the initial condition y = 4 when x = 0. 


Exercise 13 


Solve each of the following initial value 
problems, giving your answers in explicit 
form. 


(a) = = 2x4? (y>0), y=1whenz=0 
x 


dx 2(x-— 2) 
eE a 2, t 

(b) = p(t > 2, t> 0), 
zx=4whent=1 


d 
(c) nae y =1 when x =0 


(d) T = 2r(1 +0), u=1whenr=0 


(c) Taking vp = 20, g = 9.8 and k = 0.1, 
show that the solution from part (b) gives 


v = 118e-9-! — 98, 


which, with v = ds/dt, is the equation 
given in Exercise 7. 


Exercise 14 


In this exercise, we consider again a model in 
which a ball, thrown vertically upwards, is 
subject to air resistance proportional to its 
speed. The acceleration a of the ball is 
therefore given by a = —g — kv, where v is its 
velocity, g is the magnitude of the acceleration 
due to gravity, and k is a constant. (Here the 
positive direction along the line of motion is 
taken to be upwards.) This can be written as 
the differential equation 


du g 

(a) Use the method of separation of variables 
to find the general solution of this 
differential equation. Give your answer in 
explicit form. (Assume that v > —g/k.) 


(b) Find the particular solution satisfying the 
initial condition v = vo when t = 0. 


3 Applications of 
differential equations 


Exercise 15 


Cobalt-60 has a half-life of approximately 
5.27 years. 


(a) Find the value of the decay constant k for 
cobalt-60, to three significant figures. 


(b) Hence calculate, to three significant 
figures, the proportion of a sample of 
cobalt-60 that will still be present 
after 8 years. 


(c) How long will it be before the proportion 


remaining is 10% of the original sample? 
Give your answer to the nearest half-year. 


Exercise 16 


In many cases the amount L of a certain drug 
in the bloodstream of a patient declines at a 
rate proportional to the current level. That is, 
dE 
a 
where t represents time, and À is a constant, 
called the elimination constant of the drug. 


AE, 


If a patient is administered a drug with 
elimination constant 0.027 day™t, what 
proportion of the drug will remain in the 
patient’s bloodstream after 90 days? Give 
your answer as a percentage, to the nearest 
percentage point. 


4 Solving linear differential equations 


Exercise 17 


Suppose that the bones of an animal are 
found in an archaeological dig, and analysis 
produces the estimate that three-quarters of 
the original amount of carbon-14 is still 
present in the bones. Taking the half-life of 
carbon-14 to be 5570 years, find the 
approximate age of the bones to the nearest 
100 years. 


Exercise 18 


The population size of a country is currently 
8.0 million, and its proportionate growth rate 
is 2% per year. Assume that the growth of 
this population is described by a (continuous) 
exponential model. 


(a) Predict what the population size of the 
country will be after 10 years and after 
40 years. Give your answers in millions to 
one decimal place. 


(b) After how long will the population size 
reach 80 million? Give your answer to the 
nearest year. 


(c) What is the doubling time of the 
population size? Give your answer to the 
nearest year. 


Exercise 19 


Suppose that a population size decreases 
according to the exponential model, with 


proportionate growth rate —0.024 year~!. 


(a) What proportion of the population size 
will remain after 70 years? Give your 
answer as a percentage to the nearest 
percentage point. 


(b) What is the halving time of the 
population size? Give your answer to the 
nearest year. 


Exercise 20 


When a fresh mug of tea is made, its contents 
start to cool, and its rate of cooling depends 
on the surrounding ambient air temperature. 


Suppose that the temperature of the 
surrounding air is 20°C, the initial 
temperature of the tea is 90°C, and the tea is 
found to have cooled to 60°C after 5 minutes. 


(a) By finding the values of the constants in 
the solution of Newton’s law of cooling 
that apply to this situation, show that 
the temperature T (in degrees Celsius) of 
the tea as a function of time t (in 
minutes), with t = 0 taken to be the time 
when the tea is made, is 


T =20+70e*, 
where \ = iint. 


(b) Hence find, to the nearest degree Celsius, 
the temperature of the tea after a further 
5 minutes. 


4 Solving linear 
differential equations 


Exercise 21 


State which of the following differential 
equations are linear, identifying the functions 
g and h in each case that is linear (where g 
and h are as mentioned in the definition of a 
linear differential equation on page 102 of 
the Handbook). 


(a) W aby =a (b) E = e coss 
(c) W = ger (d) e O = 
(e) ot 4 Š = tan — 3u 

M Haesin(e—y)  (g) =a 
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Exercise 22 

(a) Use the method of Example 10 in 
Subsection 4.2 of Unit 8 to find the 
general solution of the differential 
equation 


dy 2x 
m 7e ‘ 


(b) Check that your general solution satisfies 
the differential equation. 


Exercise 23 


Find the general solution of each of the 
following differential equations. 


dy 2y | dy 2y 
(a) a ee (b) dr 142? 
Exercise 24 


Solve each of the following initial value 
problems. 


dy B B 
(a) Pree eae y(1) =0 

dy 

— — =e = =l 
(b) m , y(0) 


Exercise 25 


(a) Find the general solution of the 
differential equation 
w =xg(1— 2y) (x >0). 
(b) Find the particular solution of the 
differential equation that satisfies the 
initial condition y(1) = 1. 


Exercise 26 


Which method would you use to try to solve 
each of the following differential equations? If 
more than one method can be used, you 
should list all the methods. (You are not 
asked to solve these differential equations.) 


Solutions to exercises 


Solution to Exercise 1 


A directly integrable differential equation is 
one of the form 


Equations (a) and (d) are of this form. 
Equations (b) and (c) are not. 


Solution to Exercise 2 


(a) 


The differential equation is dy/dx = z4. 
The derivative of the given function, 
y= Fr” +1, is 

dy d jis 1 4 4 
which is the expression on the right-hand 
side of the differential equation, as 
required. 


The differential equation is 

dy/dx = 2sin z cos xz. We differentiate the 
given function, y = sin? z, using the chain 
rule. This gives 


dy , 
— = 2sin x cos z, 


da 
which is the expression on the right-hand 
side of the differential equation, as 
required. 


The differential equation is 
dy/dz = 3y — 3x + 1. Differentiating the 
given function, y = 5e®* + x, we have 

dy 


—. = 156°" + 1. 
dz 


Now we substitute y = 5e°” + x into the 
right-hand side of the differential 
equation, to obtain 


3y — 3x +1 = 3(5e?" + z) — 3z + 1 
= 15e?" + 1. 


This is the same expression as was 
obtained above for the derivative, as 
required. 


The differential equation is 
dy/dx = —2xry. We differentiate the 


x 


given function, y = e7 p using the chain 


rule. This gives 


dy _ 


= (22) = —2ae"” 
dr e wt) = xe ` 


Solutions to exercises 


Now we substitute y = e77" into the 
right-hand side of the differential 
equation, to obtain 


T 


—2Qxry = —2xe— r 


which is the same expression as was 
obtained above for the derivative, as 
required. 


(e) The differential equation is 
dy/dz = 1 + y?. The derivative of the 
given function, y = tan z, is 
y 2 
— = secí g. 
dg 
Now we substitute y = tan z into the 


right-hand side of the differential 
equation, to obtain 


1 +y? = 1+ tan? x = sec? z, 


which is the same expression as was 
obtained above for the derivative, as 
required. 

(£) The differential equation is 
dy/dx = (x + y)/x. We differentiate the 
given function, y = z ln z, using the 
product rule. This gives 


OY ope a Tel sed 
dx x 


=1+4+Inz. 


Now we substitute y = z ln x into the 
right-hand side of the differential 
equation, to obtain 
ey ge lie 
eS 


=1+4Inz, 


which is the same expression as was 
obtained above for the derivative, as 
required. 


Solution to Exercise 3 


(a) Integrating both sides of 
dy/dx = x? — 3x +1 gives the general 
solution 


y= f (3041) dz 
= 4r” — 3x7 +a+¢, 
where c is an arbitrary constant. 


(b) Functions (ii) and (iv) are particular 
solutions, obtained by setting the 
constant c to 2 and 0, respectively. 
Functions (i) and (iii) are not particular 
solutions. 
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Solution to Exercise 4 
(a) Integrating both sides of 
dy/dx = sin(2z) + cos(2z) gives the 
general solution 
y= fiee) + cos(2x)) da 
= —}cos(2r) + 4 sin(2x) + c, 
where c is an arbitrary constant. 


(b) Function (ii) is a particular solution, 


obtained by setting the constant c to 7. 


The other functions are not particular 
solutions. 
Solution to Exercise 5 


In each answer below, c is an arbitrary 
constant. 


(a) Integrating both sides of dv/dt = e~* 
gives the general solution 


v= Le dt = —te +c. 


(b) Integrating both sides of 
dy _ 


1 
tS Be Ba 
dx x 


for x > 0, gives the general solution 


y= f (8-2 +3vz) dx 
- f (#- 143r”) a 


= łzt— lng +3 x 273/2 + ¢ 


= izt — lng + 2ryT +c. 


Solution to Exercise 6 


(a) Integrating both sides of 


dy/dx = 2 — 3sin(4) gives the general 


solution 


y= fe — 3 sin(4x)) dz 
= 2x + ł cos(4x) + c, 
where c is an arbitrary constant. 


The initial condition is y = + when 


x = 0. Substituting these values into the 


general solution, we obtain 
1 _ 3 
4 0 + a + C, 
so € = —4 
that satisfies the initial condition is 


y = 2x + $ cos(4x) — F. 


. Hence the particular solution 


(b) Integrating both sides of 


SS 


du 1 1 
d yi t 


for t > 0, gives the general solution 


where c is an arbitrary constant. 


The initial condition is u = 3 when t = 1. 
Substituting these values into the general 
solution, we obtain 


3=2-0+c, 


so c = 1. Hence the particular solution 
that satisfies the initial condition is 


u = Qt —Int +1. 
Integrating both sides of du/dr = 4rr? 
gives the general solution 


v= firar = nr? +c, 


where c is an arbitrary constant. 


The initial condition is v = 0 when r = 0. 
Substituting these values into the general 
solution, we obtain 


0=0+c, 


so c = 0. Hence the particular solution 
that satisfies the initial condition is 
v= far’. 


Integrating both sides of ds/dt = cos (åt) 
gives the general solution 


s= fos (št) dt 
= 2sin (št) +G 
where c is an arbitrary constant. 


The initial condition is s = 0 when t = 7. 
Substituting these values into the general 
solution, we obtain 


0 = 2sin (5) +c, 


that is, 
0=2+c, 
so c = —2. Hence the particular solution 


that satisfies the initial condition is 


s = 2 sin (5t) — 2. 


(e) Integrating both sides of dy/dt = et + e” 
gives the general solution 


y= fe +e”) dt 
= é + ze” +c, 
where c is an arbitrary constant. 


The initial condition is y = 2 when t = 0. 
Substituting these values into the general 
solution, we obtain 
2=1+4+c, 
so c = 5. Hence the particular solution 
that satisfies the initial condition is 
yao + leyi 


Solution to Exercise 7 


(a) Integrating both sides of 
ds/dt = 118e~°-! — 98 gives the general 
solution 


s= paet — 98) dt 


= —1180e~°-' — 98t + c, 
where c is an arbitrary constant. 


(b) The initial condition is s = 0 when t = 0. 
Substituting these values into the general 
solution, we obtain 


0 = —1180 + c. 


So c = 1180, and the displacement of the 
ball is given in terms of the time t by 


s = —1180e70 1t — 98t + 1180, 
that is, 
s = 1180(1 — e7™®™ 1) — 98t. 
(c) The equation ds/dt = 0 gives 
118e7™1 — 98 = 0, 


that is, 


e Olt — 98 _ 49 
— T18 ~ 59° 


From this equation we obtain 


—0.1t = ln (33) =-—lIn (33) ; 


that is, 
z 59 
t= 10In (33), 
as required. 


The ball reaches its maximum height 
when its velocity ds/dt is zero. As just 
shown, this occurs at time t = 101n (33). 


Solutions to exercises 


From part (b), the corresponding 
displacement is 


s = 1180 (1 `- e500 (38) ) 


— 98 x 10In (#2) 
= 1180 (1 — 8) — 980 1n (3) 
= 200 — 980 In (#3) 
= 17.997... 


Hence the maximum height reached is 
18.00 metres (to the nearest cm). 


Solution to Exercise 8 


A separable differential equation is one of the 
form 


(a) The differential equation is separable, 
with f(x) =z and g(y) = e”. 

(b) The differential equation is separable, 
with f(t) = 1 and g(x) = V1 — 2?. 

(c) The differential equation is separable, 
with f(r) = /rtanr and g(v) = 1. 

(d) The differential equation is not separable. 


(e) The differential equation can be 
rearranged as 


dz 
so is separable, with f(x) = 1— x and 


gz) = V2. 
Solution to Exercise 9 


(a) The differential equation du/dt = u + ut 
can be rewritten as du/dt = u(1+ t). 
This differential equation is of the form 
du/dt = f(t) g(u), where f(t) =1+t and 
g(u) = u, so it is separable. By 
separating the variables, we obtain 


[ow faroa. 


Carrying out the two integrations gives 
In |u| =t+ $t? +c, 

where c is an arbitrary constant. Since 

we know that u > 0, we have |u| = u, so 

this solution can be written as 
Inu=t+$t? +c. 


This is the general solution in implicit 
form. 
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The general solution in explicit form is 
a ettii te. 
This solution can be written as 
y= Aet, 
where A = e° is a positive, but otherwise 
arbitrary, constant. 


(b) The differential equation is of the form 
dy/dx = f(x) g(y), where f(x) = 3 and 
g(y) = sec y, so it is separable. By 
separating the variables, we obtain 


1 
[eae [see 
sec y 


Since 1/secy = cosy, carrying out both 
integrations gives 


siny = 3x +c, 
where c is an arbitrary constant. This is 
the general solution in implicit form. 
The general solution in explicit form is 
y = sin! (3x +c) 
(since —77/2 < y < 1/2). 


Solution to Exercise 10 


(a) The given equation is cosy = x. 
Differentiating both sides with respect 
to x gives 


d d 
qz (089) = ge) 
By the chain rule, the left-hand side is 


L Ccosy) = -siny Z, 


The right-hand side is 
d 
g” = 
Hence we have 


— siny dy =] 
dx 
Rearranging gives 
dy _ 1 
dz siny’ 


Using the identity sin? 6 + cos? 0 = 1, we 
have 

siny = +y 1 — cos? y 
tV1—2?. 


10 


If we assume that 0 < y < r, then 
siny > 0, which gives 


siny = V1—2?. 


Hence for 0 < y < m the equation for 
dy/dx above can be written as 


dy 1 


~~ = -——— (0<y<7), 

T E (0< y< 7) 
which is the required differential 
equation. 


(b) By the definition of cos~!, the equation 
cosy = x for 0 < y < 7 is equivalent to 
y=cos ‘az, where-l<a<1l. 
Hence, from part (a), we have 
1 1 


eae 


tee 


da 
(-l<a2<1). 
Solution to Exercise 11 
(a) The given equation is 
y+ e” = 2x —e* +2. 
Differentiating both sides with respect 


to x gives 
d d 
bea Y) = — (27 — e” + 2). 
E (y +e") = = (2r e2) 

By the chain rule, the left-hand side is 


ny 


Ea TE RT = 


da 
The right-hand side is 


d 
— (2x — e +2) =2—-e”. 
ap (2 e” +2) e 


Hence we obtain 


dy 
1 y = = 2 — e” 
G +e”) + e, 


that is, 
dy 2-—e” 
dx 1+e’ 
which is the required differential 
equation. 
(b) At (0,0), the gradient of the solution 
curve is 
dy 2-1 


1 
dx 1+1 2 


Solution to Exercise 12 


(a) 


The differential equation is 


w (y > 0). 
It is of the form dy/dx = f(x) g(y) with 
f(x) = —6x? and g(y) = y, so it isa 
separable differential equation. Its 
general solution is given by 


[oew= f (-62") dz, 


that is, by 


= —6a7y 


lny = —22° + c, 
where c is an arbitrary constant. 


The explicit form of the general solution 
is obtained by making y the subject of 
the equation obtained in part (a). We 
apply the exponential function to both 
sides of the equation, which gives 


3 
y= e727 +e 
This can be written as 
3 
y = Ae’ , 


where A = e° is a positive, but otherwise 
arbitrary, constant. This is the general 
solution. 


The initial condition is y = 4 when x = 0. 
Substituting these values into the general 
solution, we obtain 


A= Ael, 
which gives A = 4. Hence the required 
particular solution is 


—223 


y = 4e 


Solution to Exercise 13 


(a) 


The differential equation 


has a right-hand side of the form 

f(x) g(y), where f(x) = 2x and 

g(y) = y?, so it is separable. Separating 
the variables, we obtain 


1 
[aev= | 22an, 


that is, 


1 
-> =g +c, 


where c is an arbitrary constant. 


Solutions to exercises 


Making y the subject of this equation 
gives 

1 
e+e 
This is the general solution in explicit 
form. 


y = 


The initial condition is y = 1 when x = 0. 
Substituting these values into the general 
solution, we obtain 

1 
0e 
so c = —1. Hence the required particular 
solution is 


ETag 


(Since we were given y > 0, we must have 
—1 < x < 1 for this solution to be valid.) 
The differential equation 

dz 2(x — 2) 

dt t 
has a right-hand side of the form 
f(t) g(x), where f(t) = 2/t and 
g(x) = x — 2. Separating the variables, 
we obtain 


1 2 


For the left-hand side, since 
g(x) =x—2>0, and g'(x) = 1, we have 


1 
x-2 
Hence, on carrying out both of the 


integrations above, we have 


ln(x — 2) = 2lnt + c, 


dz = ln(x — 2) + constant. 


where c is an arbitrary constant. 


To make x the subject of this equation, 
we first use the fact that 21n t = ln ¢?, 
which gives 

ln(z — 2) = In(#?) + c. 
Then we apply the exponential function 
to both sides, to obtain 


2 
r—2= eln(t Jte 
that is, 
r= et +2. 


11 
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12 


Na 


Hence the general solution in explicit 
form is 


gz = At? +2, 


where A = e° is a positive, but otherwise 
arbitrary, constant. 


The initial condition is x = 4 when t = 1. 
Substituting these values into the general 
solution, we obtain 4= A+2,so A=2. 
Hence the required particular solution is 


x = 2t7 +2. 

The differential equation 
dy _ 
dx 

has a right-hand side of the form 


f(x) g(y), where f(x) = 1 and 
g(y) =e ¥. Separating the variables, we 
obtain 


fetay= fias, 


that is, 


e 4 


e” =x +c, 
where c is an arbitrary constant. 


To make y the subject of this equation, 
we take the natural logarithm of both 
sides, to obtain 

y =ln(x +c). 


This is the general solution in explicit 
form. 


The initial condition is y = 1 when x = 0. 


Substituting these values into the general 
solution, we obtain 


1=In(0+c), 


so c= e. Hence the required particular 
solution is 


y = In(x +e). 
(We must have x > —e for this solution 
to be valid.) 
The differential equation 
du 
— = 2r(1 +u? 
dr r(1 +u’) 


has a right-hand side of the form 
f(r) glu), where f(r) = 2r and 
g(u) =1+u?. 


Separating the variables, we obtain 


1 
[mere fro, 


that is 


tan! 


u=r?°+ C; 
where c is an arbitrary constant. 


Making u the subject of this equation, we 
obtain 


u =tan(r? +c). 


This is the general solution in explicit 
form. 


The initial condition is u = 1 when r = 0. 
Substituting these values into the general 
solution, we obtain 


1 = tan(0 + c), 


so we can take c = 7/4. Hence the 
particular solution is 


T 
=t G 7). 
u an tg 


Solution to Exercise 14 


(a) The differential equation is 


Eo afri), 


and the right-hand side is of the form 
f(t) g(v), with f(t) = —k and 

g(v) =v + g/k. Separating the variables, 
we have 


lau = [ee 


For the left-hand side, since 
glv) =v +g/k > 0, and g'(v) = 1, we 
have 


1 
f v+ g/k dv =In (v + z) + constant. 


Hence, on carrying out both of the 
integrations above, we obtain 


in (v +) = —kt + c, 


where c is an arbitrary constant. 


Rearranging this to find the general 
solution in explicit form, we have 


g = 
U EE kite: 


which gives 


v = Ae™™ — 7, 
where A = e° is a positive, but otherwise 
arbitrary, constant. 


(b) Substituting the initial condition v = vo 
when t = 0 into the general solution 
v = Ae~* — g/k, we obtain 
g 
U9 =A-=. 
k 


Hence A = vo + g/k, so the required 
particular solution is 

= (w+ 2) 2 

v= (vo + T e i 

(c) Taking vo = 20, g = 9.8 and k = 0.1 gives 


v = 118e7™ 1t — 98, 


which is the required equation. 


Solution to Exercise 15 


(a) If a radioactive substance decays with 
decay constant k, then its half-life T is 
given by T = ln 2/k. So the decay 
constant k corresponding to the half-life 
T = 5.27 years is 


_ In2 


T 
_ In2 


5.27 
= 0.1315... 


= 0.132 year" (to 3 s.f.). 


k 


(b) The amount m of a sample of cobalt-60 
that will remain after time t is given by 
m = moe **, 
where k is the decay constant found in 
part (a), and mp is the amount of 
cobalt-60 at the start time t = 0. 


Hence the amount that will remain 
after 8 years is 


eT kx8 8k 


Mo = Moe 


It follows that the proportion that will 
remain after 8 years is 


Moe 2 e78% 
mo 
— e78X0-1315... 
= 0.3491.... 


So, to three significant figures, 34.9% of 
the original amount of cobalt-60 will 
remain after 8 years. 


Solutions to exercises 


(c) Let T years be the time after which the 
proportion remaining is 10% of the 
original amount. Then 


moe *T _ 10 
mo 100’ 
that is, 
pe = 0.1. 


Taking the natural logarithm of each 
side, we obtain 


—kT = ln0.1, 
whose solution is 
ln0.1 ln 10 
T== = — = 17. TEP 
k 0.131... cag 


Hence it will be about 173 years before 
the proportion of cobalt-60 remaining is 
10% of the original amount. 


Solution to Exercise 16 


The given differential equation 
dL 
dt an 

is similar to that for the exponential model 

for radioactive decay. By comparison with 

that model, we can see that the differential 
equation has the general solution 


L=ige™, 


where Lo is the original amount of the drug 
administered, and L is the amount of the 
drug at time t. 


Hence the proportion of the drug remaining 
after 90 days is 


Loe ™ _ -Àt 
Lo 
where A = 0.027 and t = 90. So the 
proportion is 


e790x0.027 — 0.0880 .... 


Therefore, according to the model, about 9% 
of the drug will remain in the bloodstream 
after 90 days. 
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Solution to Exercise 17 


The decay constant k corresponding to the 
half-life T = 5570 years is 


p= 
T 


= In 2 
~ 5570 
= 1.2444...x 1074 


= 1.24 x 1074 year™* (to 3 s.f.). 


Let us assume that the animal died at time 
t= 0. Then the amount m of carbon-14 that 
will remain after time t is given by 


m= mee, 


where k is the decay constant found above 
and mpg is the amount of carbon-14 at the 
time of the animal’s death. 


So the proportion of carbon-14 that will 
remain after time t is 


mo 
Hence the time t at which the proportion of 
carbon-14 remaining is 75%, that is, 0.75, is 
given by 


a = 0.75. 
Taking the natural logarithm of both sides 
gives 

—kt = ln 0.75, 


that is, 


m 0.75 
7 k 
ln 0.75 


= -y4 ocd = 2811758... 


So the animal died approximately 2300 years 
ago. 


Solution to Exercise 18 


(a) The initial population size is 
P) = 8 x 10°, and the proportionate 
growth rate is K = 0.02 year~'. Hence 
the population size P after time t years is 


P = Poet = 8 x 108. 

After 10 years the population size will be 
P =8 x 10°e°? = 9.771... x 10°, 

and after 40 years it will be 
P =8 x 10fe°8 = 17.804... x 10°. 


So, in millions to one decimal place, the 
population size after 10 years will be 
9.8 million, and after 40 years it will be 
17.8 million. 


(b) The population size will reach 80 million 
(80 x 10°) at the time t years given by 


80 = Re9-02¢ 
that is, 
10 = e0-02t 


Taking the natural logarithm of each 
side, we obtain 0.02t = In 10, that is, 


t= =e = 115,129 225, 
0.02 


Hence it will take 115 years (to the 
nearest year) for the population size to 
reach 80 million. 


(c) The doubling time of the population size 
is given by T = In2/K. For this 
population we have K = 0.02, so the 
doubling time is 


In2 
T = — =34. tenis 
002 34.657 


Hence the doubling time is 35 years (to 
the nearest year). 


Solution to Exercise 19 


(a) Suppose that the initial population size, 
at time t = 0, is P. The proportionate 
growth rate is K = —0.024. Hence the 
population size P at time t is given by 


P= Ree, 


Hence the proportion of the population 
size that will remain after 70 days is 
Pye 7 0.024% 70 


— ,—0.024x70 
=e 
Po 


— e7168 
= 0.1863.... 


So 19% (to the nearest percentage point) 
of the population size will remain after 
70 years. 


(b) The halving time of the population is 
given by T = —1n2/K. For this 
population we have K = —0.024, so the 
halving time is 

In2 


T = ———— = 28.881.... 
—0.024 = 


Hence the halving time is 29 years (to the 
nearest year). 


Solution to Exercise 20 
(a) The solution of Newton’s law of cooling is 
T =T,+(T-Taje™, 


where T is the temperature of the cooling 
body at time t, Tọ is the temperature of 

the body at time t = 0, T, is the ambient 
temperature, and À is a positive constant. 


We know that Ta = 20. Let t = 0 be the 
time at which the initial temperature was 
recorded. Then To = 90. So the solution 
of Newton’s law of cooling becomes 


T = 20+ (90 — 20)e-*, 
that is, 
T = 20+ 70e™. 
We now determine the value of A. 


At time t = 5 the temperature of the tea 
was T = 60. So 


60 = 20+ 70e~**°, 


that is, 

40 = 70e—. 
Hence 

a = e75à 


Taking the natural logarithm of both 
sides gives 


In 4 =In(e~), 


that is, 
In 4 = —D5i. 
This gives 
— lja 
À =— 5 ln 7 
that is, 
= iT 
À E ln q 


(since —In $ = In O =Inf). 


So the equation for the temperature of 
the tea as a function of time is 


T = 20 + We", 


_1y,7 
where A = = In z, as required. 


Solutions to exercises 


(In fact, we can simplify the equation for 
the temperature as follows: 


T =20+70e™ 
= 20 + 70e73 8 4t 
= 20 + 70(e" 4) 75 
=20+70(7 
= 20 + 70 (4)* 


(b) After a further 5 minutes (that is, 
10 minutes from the start), we have 
t = 10, so the temperature is given by 


O = 70e-3 M2X10 4 20 = 42.85... 


Hence the temperature of the tea after a 
further 5 minutes is 43°C (to the nearest 
degree). 


(The working using the simplified formula 
above is as follows: 


Tenine" 


= 20 + 70 (4)” 
_ 300 

= 

= 42.85...) 


Solution to Exercise 21 


A linear first-order differential equation is one 
of the form 


Z + g(x) y = hla). 


(a) The differential equation is linear, with 
g(x) = —2® and h(x) = z. 


(b) The differential equation is linear, with 
g(x) = 0 and h(x) = e” cosa. 


(c) The differential equation is not linear. 
(d) The differential equation is not linear. 


(e) The differential equation can be 
rearranged as 


5 
so it is linear, with g(x) = — +3 and 
£ 
h(x) = tanz. 
(£) The differential equation is not linear. 


(g) The differential equation is not linear. 
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Solution to Exercise 22 
(a) The differential equation 


dy 2x 
a, 14° 


is of the form 


with A = 1 and A(x) = e?”. Hence, by the 
formula immediately above Example 10 
in Unit 8, its general solution is 


y= T (J ee ar) ; 


that is, 


y=e ( faa). 


Carrying out the integration gives 


y= (le +0), 


that is, 
7 e27 : c 
ae Te 
(b) Differentiating the general solution, we 

get 
dy 2e” ae 
— = -ce 7, 
dz 3 

that is, 
dy _ ge" c 
dx 3 er 


Substituting this and the general solution 
into the left-hand side of the differential 
equation given in part (a) gives 


dy |, 2e* e eM 
dx 3 z 3 e7 
7 3¢e24 
= 8 
e”, 


which is equal to the right-hand side of 
the differential equation. So the function 


e* Cc 


y = —— + — satisfies the differential 
3 e7 
equation. 
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Solution to Exercise 23 
(a) The differential equation 


d 2 
dy 2 


x 
dz x 


is of the form 


glx) = E and fil ga. 


So we use the integrating factor method. 


The integrating factor is 


The general solution is 


1 
y= 5 (exea) 
T 
1 3 
1 /1 
= 5 (3+0) 
x? C 
4 g? 


where c is an arbitrary constant. 


(b) The differential equation 


dy 2y 
dr 1 + x? 
can be rearranged as 
dy 2 
dx 1+2? A 
Hence it is of the form 
oH + o(x)y = h(a), 
with 
2 
glx) = ae and h(x) =0. 


So we use the integrating factor method. 


The integrating factor is 


(ees a = ar) 


= exp(—2tan7! z) 


= e 72 tan" z 


The general solution is 


1 B 
v= (fr tæ x Ode) 
1 
m (| oe) 


1 
_ e72tan7*« ae 


-1 
= ce? tan e 


where c is an arbitrary constant. 


Solution to Exercise 24 


(a) The differential equation 


dy 

— =t+1 

u eet 
is of the form 

dy 

am thy =h(t 

E + alt) y = h(t), 
with 


g(t) =1 and A(t)=t+1. 
So we use the integrating factor method. 


The integrating factor is 


Osea ( I rat) E 


The general solution is 


y=5(fee+nar) 
=5(fte+ neat). 


The integral here can be found by using 
integration by parts. This gives 


[i+ je’ dt = (t+ Le’ — fea 
=(t+1)é -e +e 
= te + C, 
where c is an arbitrary constant. 
Hence the general solution is 
l 
y= zlte +c) 
=t+ce™. 


Substituting the initial condition y(1) = 0 
(that is, y = 0 when t = 1) into the 
general solution gives 


0= 1+ cet, 


Solutions to exercises 


so c = —e. Hence the solution of the 
initial value problem is 


y=t-ex E, 
that is, 
y=t— et 


The differential equation 


g(z)=-1 and h(x)=e™. 


So we use the integrating factor method. 


The integrating factor is 


e =ap ( J = ar) 


= exp(—2) 


=e”, 


The general solution is 


= ga (fererae) 
re “a 


1 god. +c) 


= e7 


where c is an a constant. 


Substituting the initial condition 
y(0) = —1 (that is, y = —1 when z = 0) 
into the general solution gives 


-l=c— E, 
so c= -—4. Hence the solution of the 
initial value problem is 
jae 


that is, 
y=—Z(e" e] 
(The solution can also be expressed as 


y = — cosh z.) 
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Solution to Exercise 25 


(a) 


18 


The differential equation 


dy 
—=x(1-2 
qz 7 etl 2) 
can be rearranged as 
d 
= +2ry =T. 
Hence it is of the form 
E + g(x) y = hla), 


gle) = 22 and Ale) =a 


The integrating factor is 


va) = exp ( f 2rar) 


= exp(z”) 


r2 


=e 


The general solution is 


1 2 
v=a(fe x zde) 
er 


The integral here can be found by 


du 
substitution, using u = x? and T Qn. 
x 


We have 


fot de=} ferau 


— lipu 
=5e FCE 
1 2 
= ze +c, 


where c is an arbitrary constant. Hence 
the general solution is 


1 2 

Y= (4e" +c) 
_ 1 —a? 
= 5+ ce aa 


Substituting the initial condition y(1) = 1 
(that is, y = 1 when x = 1) into the 
general solution gives 


1 =i 
l= sce, 


=e 
SO C= 5e- 


Hence the solution of the initial value 
problem is 
2 
y=stsgexe”, 
that is, 


y=} +e), 


Solution to Exercise 26 


(a) 


This differential equation can be 
rearranged as 


(x > 0). 


It requires the integrating factor method. 


This differential equation can be 
rearranged as 
dy 3 
— + ty = T°. 
dg á 
It requires the integrating factor method. 
This differential equation can be 
rearranged as 
dy _ 
dx 
so it can be solved by separation of 
variables. 


(y—1)(2° +4), 


Alternatively, it can be rearranged as 
dy (z5 | 
dx 


so it can be solved using the integrating 
factor method. 


(2° +4), 


This differential equation can be solved 
by direct integration or by separation of 
variables. 


This differential equation can be solved 
by separation of variables. Alternatively, 
it can be rearranged as 


so it can be solved using the integrating 
factor method. 


